How to describe a black hole embedded in an expanding universe is an important topic. Many models about this issue are suggested by assuming that the metric is a conformal transformation of the Schwarzschild metric or of the isotropic black hole metric. In the paper, it is shown that the two metrics are not suitable for describing a black hole embedded in an expanding universe because of the singularity at the event horizon. 
Introduction
Isolated black holes have been investigated in great depth and detail for more than forty years. On the other hand, black holes embedded in the background of the expanding universe are also important and even more realistic situations, which form an important topic.
Many works on the issue have been carried out. In [1] , McVitie found a celebrated spacetime describing a black hole embedded in the Friedman-Robertson-Walker universe, which is generalized to the Reissner-Nordström case in [2] . In [3] , the model of Swiss cheese black holes is shown. In [4] , the author suggested the Vaidya's spacetime describing a FRW universe with a Schwarzschildlike black hole that does not expand with the rest of the universe, which is generalized to the Kerr-Newman case in [5] . In [6] , the Thakurta's black hole is shown. In [7] , the Sultana-Dyer black hole metric is suggested. Recently, in [8, 9] , the authors suggested new solutions describing black holes embedded in the expanding universe.
However, the models suggested in [1, 6, 8, 9] are singular at the so-called horizon surfaces. All of these models are based on the assumption
or
where
Here and after, we take c = G =h = 1. Then we conjecture that the unphysical behaviors in these model might be the unavoidable results of Eq. (1) and Eq. (2) . In this paper, we will try to prove our conjecture.
The paper is organized as follows. In Section 2, we show that the line element of Eq. (1) is singular at the surface r = m(t)/2. In Section 3, we show the metric of Eq. (2) is singular at the surface r = 2m(t). Section 4 contains conclusions and discussion.
the isotropic FRW-black-hole metric
In Ref. [1] , the metric is assumed as Eq. (1) with m(t) = µ/a(t), where µ is a constant parameter. In [8] , the metric is assumed as Eq. (1), but m(t) is taken to be constant. In Ref. [9] , the imperfect fluid stress-energy tensor is used to solve the Einstein equations. However, in these models, at the surface r = m(t)/2, the spactimes are singular. Let us show this by calculating the scalar curvature of the metric Eq.(1),
Here and after an overdot denotes differentiation with respect to the time t.
Obviously, R I is infinity at the surface r = m(t)/2 even for the constant mass parameteṙ m = 0. Then The divergence of the scalar curvature at the surface r = m(t)/2 is unavoided if the line element in Eq. (1) is used. In order to avoid the singularity, we may generalize the mass parameter m(t) to be a function of both time and radius, m(t, r). This case will be discussed in future work.
the FRW-Schwarzschild-like metric
The Thakurta spacetime [6] is based on the line element in Eq. (2) . If m(t) is a constant parameteṙ m = 0, the metric in Eq. (2) is equivalent to the one in Eq.(1). Generally, forṁ = 0, the two metrics represent different spacetimes. The scalar curvature of the metric (2) is
The divergence of the scalar curvature at the surface r = 2m(t) is obvious even forṁ = 0. This result is unavoided when the line element of Eq. (2) is assumed. If we generalize the mass parameter m(t) to a function depending not only on time but also pm radius, m(t, r), the singularity may be eliminated.
Conclusion and Discussion
The issue on the solutions of the Einstein equation describing black holes embedded in the FRW universe is very important. Lots of spacetime models on this issue [8, 9, 10] have been suggested. Many models is based on the assumption of Eq.(2) or Eq.(1). However, our results shown above reveal that there exists singularity in the spacetime of Eq.(2) or Eq.(1). The singularity cannot be eliminated even for the imperfect fluid stress-energy tensor to be used to solve the Einstein equations [9] . In [11] , the authors claimed that, forṁ = 0, there exists a regular apparent horizon inside which the surface r = m/2 is contained, and then the singularity at r = m/2 would not cause any problems. However, the apparent horizon suggested in is not an event horizon. Let us show it. Firstly, in [11] , the authors suggest the new time and radial coordinates {t, R}. Then they show that there exist two null surfaces, R c and R b (See Ref. [11] for details), which are identified as the cosmic apparent horizon and the black hole apparent horizon respectively. However, the time coordinatet is not well-defined on the surfaces R c or R b . Then a calculation of the null surface of equation g µν ∂f ∂µ ∂f ∂µ = 0 in the coordinatest, R does not guarantee the surface R c or R b to be null. In fact, using the coordinates defined in Eq.(1), we find that the surface R b is not a null suface. This implies that particles between the apparent horizon R b and the surface r = m/2 can still escape the apparent horizon. Then the problem still stands.
So our analysis in the paper indicates that the line element assumed in Eq.(1) or Eq. (2) is not suitable for describing black holes embedded in the FRW universe because of the unphysical behavior at the event horizon r = m/2 or r = 2m respectively. If we generalize the mass parameter m(t) to be a function depending not only on time but also on radius m(t, r), the problem of the singularity at the event horizon may be eliminated. This will be considered in future work.
